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Abstract 

A composition of n E N is an ordered collection of one or more positive integers whose sum is 
n. The number of summands is called the number of parts of the composition. A palindromic 
composition of n is a composition of n in which the summands are the same in the given or in 
reverse order. In this paper we study the generating function for the number of compositions 
(respectively palindromic compositions) of n with m parts in a given set ACN with respect 
to the number of rises, levels, and drops. As a consequence, we derive all the previously 
known results for this kind of problem, as well as many new results. 

AMS Classification Number: 05A05, 05A15 
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1. Introduction 

A composition a = o~\a% . . . a m of n € N is an ordered collection of one or more positive 
integers whose sum is n. The number of summands, namely m, is called the number of 
parts of the composition. A palindromic composition of n £ N is a composition for which 
0"i<72...<7 m = a m a m -i . . . o~\. A Carlitz composition is a composition of n € N in which 
no two consecutive parts are the same. We will derive the generating functions for the 
number of compositions, number of parts, and number of rises (a summand followed by a 
larger summand), levels (a summand followed by itself), and drops (a summand followed by 
a smaller summand) in all compositions of n whose parts are in a given set A. This unified 
framework generalizes earlier work by several authors. 

Alladi and Hoggatt considered A = {1,2}, and derived generating functions for the number 
of compositions, number of parts, and number of rises, levels and drops in compositions and 
palindromic compositions of n. Chinn and Heubach 5 generalized to A = {1, k} and derived 
all the respective generating functions. Chinn, Grimaldi and Heubach 3 considered the 
case A = N, and derived generating functions for all quantities of interest. Grimaldi [7j 
studied A = {m\m = 2k + l,k > 0}, and derived generating functions for the number of 
such compositions, as well as the number of parts, but not for the number of rises, levels 
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and drops. In addition, he studied compositions without the summand 1 [5], which was 
generalized by Chinn and Heubach [3], who looked at compositions without the summand 
k, i.e. A = N — {k}. In both cases, the authors only derived generating functions for the 
total number of compositions and the number of parts, but not for the number of rises, levels 
and drops. Finally, Hoggatt and Bricknell |5] looked at compositions with parts in a general 
set A, and gave generating functions for the number of compositions and the number of 
parts. This work was generalized by Heubach and Mansour which also considered Carlitz 
compositions and gave additional generating functions for the number of compositions with 
a given number of parts in a set B C A. 

We will present a unified framework which allows us to derive previous results by choosing 
a specific set A, as well as new results. We will therefore study the specific sets A = N, 
A = {1,2}, A = {l,k}, A = N- {k}, and A = {m \ m = 2k + 1, k > 0}. In the case of Carlitz 
compositions, we will restrict ourselves to the sets A = {1,2}, A = {l,k} and A = {a,b}. 
The main result and its proof will be stated in Section 2, and in SectionElwe present several 
applications on the set of compositions (see Subsection 13. 1|) . palindromic compositions (see 
Subsection 13. 2|) . Carlitz compositions (see Subsection I3.3JI . Carlitz palindromic compositions 
(see Subsection HUH) , and partitions (see Subsection 13. 5 Jl of n with m parts in A, respectively. 
As a consequence, we derive all the previously known results for this kind of problem, as well 
as many new results. 



2. Main Result 

Let N be the set of all positive integers, and let A be any ordered (finite or infinite) set of 
positive integers, say A = {oi, 02, . . . , a&}, where a\ < ai < 03 < • • • < a&, with the obvious 
modifications in the case \A\ = 00. In the theorems and proofs, we will treat the two cases 
together if possible, and will note if the case \A\ = 00 requires additional steps. For ease 
of notation, "ordered set" will always refer to a set whose elements are listed in increasing 
order. 

For any ordered set A = {ai, 02, . . . , a^} C N, we denote the set of all compositions (respec- 
tively palindromic compositions) of n with parts in A by (respectively P^)- For any 
composition a, we denote the number of parts, rises, levels, and drops by parts(cr), rises(cr), 
levels (a), and drops(cr), respectively. We denote the generating function for the number 
of compositions (respectively palindromic compositions) of n with parts(er) parts in a set 
A such that there are rises(cr) rises, levels(cr) levels, and drops(cr) drops by CA(x;y;r,£,d) 
(respectively Pa(x; y; r,£, d)), that is, 

C A (x;y;r,£,d) = ^2 Yl i^Wr^W^W^W 

and 

P A (x;y;r,e,d) = Y^ x n yV a rts(cr) r nses(*)Aevels(*) d dTop S (a) 

n>0a€PA 

The main result of this paper gives explicit expressions for the generating functions Ca{x; y; r, £, d) 
and P A (x;y;r,£,d). 

Theorem 2.1. Let A = {01, . . . ,a&} be any ordered subset o/N. 
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(i) The generating function CA(x;y;r, £, d) is given by 

l + (l-d)T k ( TT l-^vV-r) ) 

y } ^j=i y 1 - x a iy{l - d) 11 1 - x a >y(£ -d)j 

1 aS^( ^11 3 j\ l-x a >y(l-r) \ 

^{l-x a ^y(£- d) 11 1 - x a *y(£ - d) J 
j — l \ i — l / 

(ii) The generating function PA(x;y;r,£,d) is given by 

+ ^ l-x 2a *y 2 (£ 2 -dr) 



k 2a, 2 j 

Ex % y dr 
^ l-x 2a *y 2 {£ 2 -dr) 

2.1. Proof of Theorem 12. Id ). Our present aim is to find C Aix;y;r,£,d) explicitly, thus 
we need the following definition. For all e > 1, we define 

C A (s lS2 . ..s e \x;y;r,£,d) = £ £ x n y parts( CT ) r rises( CT ) £ levels( CT ) d drops(a) ) 

n>0 cr 

where the sum on the right side of the equation is over all the composition a E C„ such that 
o~j = Sj for all j = 1, 2, . . . > e, i.e., the composition cr starts with S1S2 . . . s e . 

Now, let us introduce two relations (Equation (|2.1|) and Lemma l2.2|) between the generating 
functions CA(x;y;r,£,d) and CA(a>i\x; y; r, £, d). The first relation is given by 

k 

(2.1) C A (x;y;r,£,d) = 1 + Ca^x; y; r, d), 

i=l 

which follows immediately from the definitions (note that the summand 1 covers the case 
n = 0). The second relation is given by the following lemma, and stems from a recursive 
creation of the compositions of n. 

Lemma 2.2. Let A = {a±, . . . , a^} be any ordered subset of N. For all i = 1,2, ... ,k, the 
generating function CA{ai\x;y;r,£,d) is given by 

I i-1 k 

x a% y j 1 + d^C A {aj\x;y;r,£,d) + £C A (ai\x;y;r,£,d) +r ^ C A {aj\x;y;r,£,d) 

i j=l j=i+l 



Proof. The compositions of n starting with aj with at least two parts can be created recur- 
sively by prepending a, to a composition of n — ai which starts with a,- for some j. This 
either creates a rise (if i < j), a level (if i = j), or a drop (if i > j), and in each case, results 
in one more part. Thus, 

{rx a 'yC A (aj\x;y;r,£,d), i<j 
£x a *yC A {aj\x;y;r,£,d), i = j. 
dx ai yC A {aj\x;y;r,£,d), i>j 

Summing over j and accounting for the single composition with exactly one part, namely ai, 
gives the stated result. □ 
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We are now ready to prove Theorem 12, lf i). Lemma 12.21 together with Equation (|2.1|) results 
in a system of k + 1 equations in k + 1 variables, where we define to = CA(x;y;r,£,d), 
ti = C^(aj|x; y\ r, I, d) and hi = x ai y, for i = 1, 2, . . . , k: 

to — t± — t 2 — t 3 ■ ■ • — tk-i — tk = 1 
(1 - bi£)ti - b 1 rt 2 - b\Hz •■• — 6iri fe _i - birt k = 61 
-b 2 dt\ + (1 - b 2 £)t 2 - &2r*3 • • • - b 2 rt k -i - b 2 rt k = 62 
(2.2) I -bsdtx - b 3 dt 2 + (1 - b 3 £)t 3 b 3 rt k -i - b 3 rt k = 63 

-b k -\dt\ - b k -idt 2 - 6 fc _it 3 h (1 - b k -it)tk-i - b k -\rt k = 6 fc _i 

-b k dti - b k dt 2 - b k dt 3 b k dt k -i + (1 - 6^)< fc = 6 fe 



Let Mk be the (fc + 1) X {k + 1) matrix of the system of equations (|2.2jl . i.e., 



/ 1 


-1 


-1 




-1 -1 


-1 


\ 





l -bit 


— b\r 


—b\r 


— b\r 


— b\r 







-b 2 d 


l-b 2 £ 


-b 2 r 


-b 2 r 


-b 2 r 







-b 3 d 


-b 3 d 


l-b 3 t 


-b 3 r 


-b 3 r 







-bk-id 


-bk-id 


-bk-i 


■■■ l-&fc-i* 


-bk-ir 




V 


-b k d 


-b k d 


-b k d 


-bkd 




/ 



We also define the (A; + 1) X {k + 1) matrix jV& which results from replacing the first column 
in M k by the vector of the right-hand side of (|2.2j) . i.e., 



/ 


1 


-1 


-1 




-1 -1 


-1 \ 




61 


1 - M 


—b\r 


~b\r 


— 6ir 


— b\T 




62 


-6 2 rf 


l-M 


~b 2 r 


-6 2 r 


—b 2 r 




63 


-b 3 d 


-6 3 d 


I -hi 


-6 3 r 


-b 3 r 






-bk-id 


~b k -id 


-b k -i 


•■• l-6fc-i^ 


-bk-ir 


V 


b k 


-b k d 


-b k d 


-b k d 


-6ferf 


1 - b k £ ) 



Then, by Cramer's Rule, to = CA(x;y;r,£,d) = g^g^y- We now derive formulas for these 
two determinants. Expanding down the first column of M k , we get that 



det(M fe ) 



Subtracting the (k — l) st column from k^ column of the above matrix, then expanding down 
the resulting column gives that 



l-M 


—b\r 


—b\r 


—b\r 


—b\r 


-b 2 d 


l-b 2 £ 


-b 2 r 


-b 2 r 


-b 2 r 


-b 3 d 


-b 3 d 


l-b 3 £ ■■ 


■ -b 3 r 


-b 3 r 


-bk-id 


-bk-id 


—bk-i 


■ 1 - b k ^£ 


—bk-xr 


-b k d 


-b k d 


-b k d 


■ -b k d 


1- W 



(2.3) det(M fc ) = (1 - b k {l - d)) det(Mfc_i) - b k d(l - b k ^(£ - r)) det(E{h, b 2 , & fc _ 2 )), 
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where 





— b\r 


—b\r 


— b\r 


\ 


-b 2 d 


l-b 2 £ 


-b 2 r 


-b 2 r 




-b 3 d 


-b 3 d 


l-M •• 


-b 3 r 




-h-2d 


-bk-2d 


-b k ^ 2 d ■ ■ 


• ~bk-2r 




\ 1 


1 


1 


1 


/ 



E(bi,b 2 ,...,b k „ 2 ) 



Adding (b\r) times the last row to the first row in the matrix E(pi, b 2 , bk- 2 ), then expand- 
ing across the resulting first row gives 

det(E(b u b 2 , b k - 2 )) = (1 - h(£ - r)) det(E(b 2 , 6 fc _ a )), 

and, since det(-E(6fc_ 2 )) = (1 - bk- 2 (£ - r)), 

k-2 

(2.4) det(E(6i,6 2j ... ) 6 fc _ 2 )) = JJ(1 — — »■))• 



Equations ()2.3|) and (|2.4I) result in 



fc-i 



det(M fc ) = (1 - b k (l - d)) det(M fc _i) - M JJC 1 ~ 6 # " r ))- 

3=1 

Thus, if we define det(M ) = 1 and use the fact that det(Mi) = 1 - b\l = 1 - b\{l - d) - bid, 
then we can show by induction on k that for all k > 1, 

k k j—1 k 

(2.5) det(M fc ) = H(l - bj(£ - d)) - dj^bj J^ 1 ~ b S ~ r)) J] C 1 " 6 ^ " 

j=l j=l i=l i=j+l 

Similarly, by subtracting (bkd) times the last row from the k^ row in the matrix N k and 
then expanding across the resulting /c th row we get 

(2.6) det(N k ) = (l-b k (£- d)) det(JV fc _i) + b k (l - d) det(D(b u b 2 , 6 fc _x)), 

where D(b%, b 2 , &fc-i) agrees with E(bi, b 2 , b k -i) except for the signs of the last row. 
Thus, det(D(bi,b 2 , ...,bk-i)) = — det(E(bi, b 2 , bk-i)), which yields 

fc-i 

det(iV fc ) = (1 - b k (£ - d)) det(JV fc _i) - b k (l - d) - b 3 (£ - r)). 

3=1 

With det(TVo) = 1 and det(Aq) = 1 - b\£ + b\ = 1 - h(£ - d) + (1 - d)h, we can show by 
induction on k that for all k > 1, 

k k j—1 k 

(2.7) det(N k ) = - bj(£ - d)) + (1 - d)J> 11(1 - h{£ - r)) JJ (1 - 6,(£ - d)). 

j=l j=l i=l i=j'+l 

Substituting Equations Q2.5|) and (|2.7j) and 6, = x ai y into det(M^) com P^ e t es the proof of 
Theorem I2.1f i). Note that if \A\ = oo, then the result follows by taking limits as k — > oo. □ 
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2.2. Proof of Theorem l2.1l fiiL As in the proof of part (i), we need to find an explicit 
expression for P A (x; y; r, £, d), thus we define for all e > 1 

P A ( Sl s 2 . . . s e \x; y; r, £, d) = £ £ x -yParts( CT ) r rises(a) £ levels(a) d drops( CT ) ; 

n>0 a- 

where the sum on the right side of the equation is over all the palindromic compositions 
a € P^ such that <jj = Sj for all j = 1, 2, . . . , e. 

As before, we get two relations (Equation (|2.8|) and Lemma 12.3(1 between the generating 
functions P A (x;y;r, £, d) and P A {cn\x; y; r, £, d). The first relation is given by 

k 

(2.8) P A (x;y;r,£,d) = 1 + P A (fk\x; y; r, £, d), 

i=l 

which holds immediately from the definitions. The second relation is given by the following 
lemma. 

Lemma 2.3. Let A = {a±, . . . , a^} be any ordered subset of N. For all i = 1,2, ... ,k, the 
generating function PA(ai\x;y;r, £, d) is given by 

x ai y + x 2ai y 2 £ x 2ai y 2 dr 

+ i — in- koi — T^\ p A{ x ^y^ r ^^ d ) - !)• 



\-x 2a -y 2 {l 2 -dr) 1 — x 2a 'y 2 (£ 2 — dr) 

Proof. First of all, for all e, m > 1 we define 

P A ( Sl s 2 ...s e ;m\x;r,£,d) = ^ ^Vises^levelsCa^drops^ 

n>0 a- 

where the sum on the right side of the equation is over all the palindromic compositions 
a € P£ with m parts such that aj = Sj for all j = 1,2, . . . ,e. 

Now, by fixing i and using the definitions we have that 

P A (ai;0\x;r,£,d) =0, P A (a { ; l\x; r, £, d) = x a \ P A ( ai ;2\x;r,£,d) =x 2a >£. 

For m > 3, we create the palindromic compositions of n that start and end with aj from those 
of n — 2ai that start with aj by prepending and appending «j. This results in two additional 
parts, and in one additional drop and rise when i ^ j, and two additional levels when i = j. 
(Note that the symmetry of the palindromic compositions, which distinguishes only the case 
i = j, allows us to use a different proof technique, which does not work for compositions.) 
Thus, for m > 3, 

P A (ai;m\x;r,£,d) = J2*j=i,j^i P A(aiaj;m\x;r,£,d) + P A (aiai;m\x;r,£,d) 
= x 2a *dr^ =1:j ^iPA(aj;m - 2\x;r,£,d) + x 2a *£ 2 P A {ai;m - 2\x;r,£,d) 
= x 2a *drJ2 k j=1 PA(aj] m - 2\x; r, £, d) + x 2a ' (£ 2 - dr)P A ( ai ; m - 2\x; r, £, d). 

Multiplying by y m and summing over all m > 0, we get that 

P A (ai\x; y; r, £, d) = x a *y + x 2a 'y 2 £ + x 2a 'y 2 dr Y!j=i p A(aj\x; y; r, £, d) 

+x 2a >y 2 (£ 2 - dr)P A ( ai \x; y; r,£, d), 
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or, equivalently, 

x a *y + x 2a *y 2 £ x 2a *y 2 dr A 

P A (a,|x; y; r, £, d) = i _ _ ^ + f — ^-^-^ ^ P A (a, |x; y; r, d), 

from which Lemma 12.31 follows by using Equation (JZSJ). □ 

Now we are ready to give the proof of Theorem I2.l( ii) . Applying Lemma 12.31 for all % = 
1,2, ... ,k together with using Equation (|2.8jl . we get that the generating function Pa(x; y; r, £, d) 
is given by 

i + l_ x 2a iy 2^2_ dr ) + ! _ x 2a iy 2^2 _ rfr ) ^M*, y, r,«, a;. 

Equivalently, 

* x 0i y + x 2ai y 2 (£ - dr) 

l + U \- x 2 ^y 2 {£ 2 -dr) 
P A {x;y;r,£,d) = - 



k x 2ai y 2 dr 

i-E 



1 — x 2ai y 2 {£ 2 — dr) 
as claimed. □ 

3. Applications 

In the following subsections we give several applications for both parts of Theorem 12.11 

3.1. Compositions with parts in A. In this subsection we study the number of compo- 
sitions of n as well as the number of rises, levels, and drops in the compositions of n with 
parts in A. Applying Theorem 12. Ht ) for r = 1, I = 1, and d = 1, we get that the generating 
function for the number of compositions of n with m parts in A is given by 

(3-1) K • 

1 - y Lj=i x 3 

Therefore, the generating function for the number of compositions of n with m parts in N is 
given by 

V V r " 7/ Parts( CT ) = 1 = 1 = V v m 

n>0o-ec« u t-'J-l l-x m >0 y ' 

Furthermore, setting y = 1 in Equation (|3.1j) gives the generating function for the number of 
compositions of n with parts in A (see Theorem 2.4): 

1 

In particular, for ^4 = N, the generating function for the number of compositions of n with 
parts in N is given by (see 3 , Theorem 6) 

1 — x 
l-2x' 

Additional examples for specific choices of A are given in j^j. 
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3.1.1. Number of rises and drops. Note that the number of rises always equals the number 
of drops in all compositions of n: for each non-palindromic composition there exists a com- 
position in reverse order, thus the rises match the drops, and for palindromic compositions, 
symmetry matches up rises and drops within the composition. Thus, we will derive results 
only for rises, and the results for drops follow by interchanging the roles of r and d in the 
proofs. 

Setting I = 1 and d = 1 in Theorem 12. lf i) gives 
(3.2) C A (x;y;r,l,l) 



1 " E;=i ^J/Ilii(l - " 0) 

Using Equation ()3.2|) together with the fact that for /j(r) ^ 

i=i \i=i / i=i J%y > 

we get that 



(3-4) —C A (x;y;r,l,l) 



v 2 E k >j>i>i ^ a ' +aj 



2 ' 



Hence, expressing this function as a power series about y = 0, we get the following result. 
Corollary 3.1. Let A = {a\, . . . , a^} be any ordered subset of N. Then 

E ™ es (a)xV ar ^) = ( Yl xCLl+aj J E( m+1 ) (l> aj 1 y m+2 

">0 CT GC;4 \fe>j>i>l / m>0 \j=l 

and 

£ drops(a)x n yP arts ^ = ( £ x°* +0 * J £(m + l) (j> a ' ) y m+2 

For example, letting ^4 = N and looking at the coefficient of y m in Corollary 13. II we get that 
the generating function for the number of rises (drops) in the compositions of n with a fixed 
number of parts, m > 2, in N is given by 

Y, ** +i (m-i)£>r- 2 
i>i>i i>i 



2 j (m — l)x r ' 

E n _ x \m-2 

(m — l)x m ~ 2 (m — l)x m+1 
(l-x)(l-x 2 )' (l-x) m ~ 2 ~ (l + x)(l-x) m ' 

Furthermore, setting y = 1 and A = N in Corollary 13.11 allows us to compute the generating 
function for the number of rises (drops) in all compositions of n with parts in N (see [3], 
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Theorem 6) in a similar way: 

^3 



* 2 ) (1-T^) 2 



(1 + x)(l - 2x) 2 ' 



In other words, as shown in jHJ Theorem 3], the number of rises (drops) in the compositions 
of n with parts in N is given by 

i (2 n " 2 (3n - 5) + (-l) n+1 ) for n > 3. 
9 

For A = {l,k} and y = 1, Corollary 13. II gives the generating function for the number of rises 
(drops) in all compositions of n with parts in {1, k} as (see jS], Theorem 4) 

x k+l 



(1 — x — x k ) 2 

For vl = {m \ m = 2k + l,k > 0} and y = 1, and using that X^o<i<j x( 2l+1 ) + ( 2j+1 ) = 
^ i>0 (x 2 ) 2 ^ J>1 (x 4 )- ? , Corollary 13 . II yields a new result, namely that the generating function 
for the number of rises (drops) in compositions of n with odd parts is given by 

x k+l 



(1 — x — x k ) 2 

For A = N- {k}, and defining g{x,y;k) = H n >oE ff eC' trises ( ff ) :!: ^ PartS(ff) ' Corollary O 



gives 

,-.'"> r£ k ~\- 1 ^ ~Y r£ k 1 ^ _J_ 2 -j- 1 \ ^ / rg 



For k = 1, i.e., ^4 = N - {1} we get that 



xM y m+2 . 



x 2m+l 

g (x,y;l) = £(m-l) 

m>2 ; 



Thus, the generating function for the number of rises (drops) in the compositions of n with 
a fixed number of parts, m > 2, in A = N — {1} is given by 



( m _ i) — x '7 +1 x = y x n+2m ~\m - 1) y (-1)"-* ( j +m 1 Y 

>(1 + X )(l- X )m ^ Z-A j V rn-1 J 



3.1.2. Number of levels. Theorem I2.1f i) for r = 1 and <i = 1 gives 
(3.5) C A (x;y;l,£,l) ' 



1 I Jj/ 

1 ~~ 2-,j=i l-^jy^-i) 
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Therefore, using Equation ()3.5|) we have that 

y 2 £ U x2aj 



(3.6) ^-C A (x;y;l,£,l) 



11 (i-yZU xaj 



2 ' 



Expressing the above function as a power series about y = 0, we get the following result. 
Corollary 3.2. Let A = {a±, . . . , a^} be any ordered subset of N. Then 



k 



£ Y, levels(a)x n yP arts ^ = ^x 2 ^ £(m + 1) 

n>0a<=C£ y=l / m>0 \j=l J 

Using computations similar to those for rises and drops, by looking at the coefficient of 
y m , we get from Corollary 13.21 that the generating function for the number of levels in all 
compositions of n with a fixed number of parts m in N is given by 

(m — l)x m 
(1 + x)(l -x) m - 1 ' 

In addition, by setting y = 1 and A = N in Corollary 13.21 we obtain that the generating 
function for the number of levels in the compositions of n with parts in N (see 0, Theorem 
6) is given by 

x 2 (l — x) 
(1 + x)(l - 2x) 2 ' 

Thus, as shown in Theorem 3], the number of levels in all compositions of n with parts in 
N is given by 

I (2 n - 2 (3n + l) + 2(-l) n ) forn>l. 
9 

Applying Corollary 13.21 for A = {1,2} and y = 1, we get the result given in Theorem 1.1 
for the generating function for the number of levels in all compositions with only l's and 2's: 

2 i 4 
X + X 



(1 - (X + X 2 )) 2 ' 

and more generally, for A = {1, k} and y = 1, we get the result stated in Theorem 4 [3]: 



x 2 + x 2k 



{l-(x k + x 2k )) 2 ' 

If we apply Corollary 13 .21 to A = {m \ m = 2k + 1, k > 0}, then we get a new result, namely 
that the generating function for the number of levels in the compositions of n with odd 
summands is given by 

x 2 (l - x 2 ) 
(l + x 2 )(l-x-x 2 ) 2 ' 

Finally, we look at A = N - {k} and define g(x,y;k) = E«>o E CT ec7„ 4 levels(<r)x n yP arts(<T) . 
Then Corollary 13.21 gives 

g(x, y; k) = - x 2 ^ ^> + 1) ( 7^ " **) " ■ 
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If we set y = 1, then we get a new result, namely that the generating function for the number 
of levels in the compositions of n without k is given by 

(l-x)x 2 (l-x 2( - k -V +x 2k ) 
(l + x)(l-2x + x fc -x fc + 1 ) 2 ' 

3.2. Palindromic compositions with parts in A. Applying Theorem 12.1 H i) for r = 1,1 = 

1, and d = 1 we get that the generating function for the number of palindromic compositions 
of n with m parts in A is given by 

1 - y 2 EiU x2ai 

Setting y = 1 we get that the number of palindromic compositions of n with parts in A is 
given by (see Theorem 3.2) 

i - Eli * 2a * ' 

Using A = N we get that the generating function for the number of palindromic compositions 
of n with parts in N is given by (see 0, Theorem 6) 

1 + x 
l-2x 2 ' 

Therefore, the number of palindromic compositions of n with parts in N is given by 2L n / 2 J 
(see jS], Theorem 1). 



3.2.1. Number of rises or drops. As before, the number of rises equals the number of 
drops. Theorem I2,l( ii) for I = 1 and d = 1 gives 

^ x ai y + x 2ai y 2 (l — r) 

, 1 + hi l-x 2a *y 2 {l-r) 
P A (x; y; r, 1, 1) = 3—5- . 

i-E " 



i=i 1 — x 2ai y 2 (l — r) 



Therefore, by finding J^i-^a;; y; r, 1, 1) and setting r = 1 we obtain the following result. 
Corollary 3.3. Let A = {ai, . . . , a&} be any ordered subset of N. Then the generatiny 



function g A (x;y) = E„>oE ct£ p^ rises(a)x n yP arts ^ = E n >o E^ drop S (a)xV ar ^ 
gi^en fry 

y 2 f 1 + y Eti ^) (Eli * 2ai U - * 2 V)) - v 2 fi - y 2 Eli * 2a EiU * 2ai U + ^2/) 



1 - y 2 Ei=i x2ai 



For example, if A = N, then Corollary 13.31 gives that 

2 ( -\ yx \ l x^y^ \\ 2 ( i y sc^ \ ( x^ x^y 



(3.7) gvs(x;y) 



1 ~ T=^r 
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Thus, we can derive the generating function for the number of rises (drops) in the compositions 
of n with a given number of parts, m, in N, by looking at the coefficient of y m in g^(x;y). 
To do so, we expand the numerator of g^(x;y) and collect terms according to powers of y: 

x 4 y 3 / 2x + 1 2x 2 x 2 



(l-x) 2 (l + x) VO^ + z + l) (x+l)(x 2 + l) tf (x 2 + x + l)(x 2 + l 
Furthermore, 

1 _ ^ (m+l)x 2 ™ 2m 



(1-x 

m>0 v 



2\m 



-y 



so altogether, 

. , V V i /// T- I I.I 

9N{x;y) = ^ (l-x) 2 (l + x)(l-x 2 ^ ^ 

m>0 V 



m + l)x 2m + 4 2m+3 



2x + 1 2x 2 x 2 



(x 2 + x + l) (x + l)(x 2 + l) (x 2 + x + l)(x 2 + 1 



-y 2 



We now have to distinguish between two cases, namely, m odd and m even. In the first case, 
only the summand with factor y needs to be taken into account, whereas in the second case, 
the summands with factors y° and y 2 need to be considered. Thus, the generating function 
for the number of rises (drops) in the compositions of n with a given number of parts, m, in 
N is given by 

(2m' - 2)x 2m '+ 2 

- ^— ^ — r tor m = 2m , 

(l + x 2 )(l-x 2 ) m ' 

and 

x 2m '(l-x)(l + (2m'-2)x + (2m'-3)x 2 + (2m'-2)x 3 ) „ , 

; 7TT-. 77Z-, — / for m = 2m — 1. 

(l + x 2 )(l + x + x 2 )(l-x 2 ) m ' 

Furthermore, setting y = 1 in Equation (|3.7[) and simplifying yields that the generating 
function for the number of rises (drops) in the compositions of n with parts in N (see [3], 
Theorem 6) is given by 

. , x 4 (4x 4 + 4x 3 + 4x 2 + 3x + 1) 
9n{x; 1) - 



(1 + x 2 )(l + x + x 2 )(l - 2x 2 ) 2 ' 



We now apply Corollary 13.31 for A = {1, A;} and get that 

x k+1 y 3 (x + x k + 2x k+1 y - y 2 (x 3 + x 3k - x k+2 - x 2k+1 )) 
9{l,k}{^y) = (l-y2( x 2 + a .2fc))2 • 

In particular, when setting y = 1 in the above expression we get that the generating function 
for the number of rises (drops) in the palindromic compositions of n with any number of 
parts in A = {1, k} is given by (see Theorem 5) 



9{i,k} 



fx;l) 



(1 — x 2 — X 



2k\2 
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If we let A = {m\m = 2k + 1, k > 0} in Corollary 13.31 then we get that the generating 
function gA(x;y) is given by 

2 / x y \ ( x^ y^x^ \ 2 ( i x^y^ \ ( x^ 



Furthermore, if we let y = 1 in the above expression, then we get that the generating function 
for the number of rises (drops) in the palindromic compositions of n with any number of odd 
parts is given by 

x 5 (l + 2x 2 + 2x 3 + 2x 4 + 2x 5 + 3x 6 + 2x 7 + 2x 8 ) 

9A{X] ' ~ (1+X 4 )(1-X 2 -X 4 ) 2 (1 + X 2 + X 4 ) ' 

which extends the work of Grimaldi 0. 
Applying Corollary 13.31 to A = N — {k} gives that 



9N-{k}(x;y) 



1 - + y 2 x 2k 



2 



y 2 ( i - + y 2 x 2k ) ( tS - ^ 2fc + tSt - y* 3fc 



1 - + ^ 2x2fc 



2 



In particular, when setting y = 1 in the above expression we get that the generating function 
for the number of rises (drops) in the palindromic compositions of n with any number of 
parts in A = N — {k} is given by 

x 4 (l + 3x + Ax 2 + 4x 3 + 4x 4 ) + x 2fe+1 (x 4 - 1)(1 + Ax + 5x 2 + 4x 3 ) 

SN-{fc}(s; ) - (1 + X 2 )(l + X + X 2 )(l - 2X 2 + X 2fc - x 2 ( fc + 4 )) 2 

+ (x 2 - l)(x fe+2 + x 3fc (l + x 2 )(3x 2 - 2) + x 4fc (l +x)(x- 2)) 



(1 + x 2 )(l - 2x 2 + x 2k - x 2 ( fc +!)) 2 

This extends the work of Chinn and Heubach Likewise, we can extend the work of 
Grimaldi jS] by setting k = 1 to get that 

(x 5 + 3x 4 + 5x 3 + 3x 2 + 3x + l)x 7 
<7 N _ {1} (x; 1) - (1 _ x2 _ 2 .4 )2(1 + x + x 2 )(1 + 2 .2 ) - 

3.2.2. Number of levels. Theorem I2.1f ii) for r = 1 and d = 1 gives 

x a *y + x 2ai y 2 (^- 1) 

„ \ 1 - x 2a ^ 2 (^ 2 - 1) 
P A (x;y;l,£,l) = . 

i-E 



■f x 1 - x 2a »y 2 (£ 2 - 1) 

Therefore, finding J^P^x; y; 1, 1) and setting I = 1 yields the following result. 
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Corollary 3.4. Let A = {ai,...,a&} be any ordered subset of N. TTien i/ie generating 
function gA(x;y) = ^„>o Eagf levels(a)x n yP ar ^ s ^ is given by 

y 2 (i - y 2 E-=i * 2ai ) EiU * 2a < U + 2x a ^) + 2/ (1 + y £* =1 x a A £ f =1 x 4a » 



1 - y 2 E»=i x 

For example, applying Corollary 13.41 with A = N gives that the generating function gfq(x;y) 
for the number of levels in all palindromic compositions of n with m parts in N is given by 
(3.8) 

x 2 y 2 ( 2x 4 (x + l)y 3 + x 2 (l - 3x 2 )(l + x + x 2 )y 2 + (1 - x 4 )(2x(l + x)y + 1 + x + x 2 ) 



(1 + x 2 )(l + x + x 2 )(l — x 2 — x 2 y 2 ) 2 

Rewriting T , — 'x 1 'i >ivi as 

° (1— x z — x /L y £ Y 

1 1 . . T 2m 



(1 _ X 2)2 (1 _ |V )2 (1- X 2 )2 ^V ; (1 



r 2"\m 



allows us to compute the generating function l m {x) for the number of levels in palindromic 
compositions of n with a given number of parts, m, by looking at the coefficient of y m in 
expression (|3.8|) : 

/ ~2 



^m(x) 



r for m = 2 

1— 

(2m'-l-(2m , -3)x 2 )n 2m ' f o ' ' \ o 

^ — k— — ir^i for m = 2m. m > 2 



(i+x- 2 )(i-x- 2 ) m ' 

for m = 2m' + 1, m! > 1 



2(l+a:)(m / + (m'-l)x+m / x 2 )a: 2m + 1 



(l+x 2 )(l+x-+x 2 )(l-x 2 ) m 

In addition, setting y = 1 in Q3.8JI gives that the generating function for the number of levels 
in the palindromic compositions of n with parts in N (see [3] , Theorem 6) is given by 

x 2 (l + 3x + 4x 2 + x 3 - x A - 4x 5 - 6x 6 ) 
9N{X] ' ~ (l + x 2 )(l + x + x 2 )(l-2x 2 ) 2 ' 
If we let A = {1, k} in Corollary 13.41 then we get that <7{i v) is given by 

y 2 (x 2 + x 2fc ) + 2y 3 (x 3 + x 3fc ) + t/ 4 (x 4 + x 4fc - 2x 2 ( fc+1 )) + 2y 5 (x fc+4 - x 2fc+3 - x 3fe+2 + x 4fc+1 ) 

(1 — y 2 x 2 — y 2 x 2k ) 2 

Setting y = 1 in the above expression yields that the generating function for the number of 
levels in the palindromic compositions of n with any number of parts in {l,k} is given by 

x 2 _|_ x 2k _|_ ^,3 _|_ x 3k j_ x 4 j_ x Ak _|_ 2(x* : ~'~ 4 — j;2(fc+l) — 2^+3 — x 3 ^+ 2 + X 4 *^ 1 ) 

9{l,k}{ i ) (1 — y 2 x 2 — y 2 x 2 ^) 2 

This result was not explicitly stated in ,5 , but can be easily computed from the generating 
functions for other quantities given in [5]- 

We look next at A = {m \ m = 2k + 1, k > 0}. Applying Corollary 13.41 for this case, we get 
that 

9A{x;y) 



V U-TT^J + +2jz^S U + 



1 x 2 j/ 2 N 

1 ~ 1=5* 
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Furthermore, if we set y = 1 in the above expression, then we get that the generating function 
for the number of levels in the palindromic compositions of n with any number of odd parts 
is given by 



9a{x; 1) 



x 2 (l + 2x + 2x 2 + 2x 3 + 2x 4 + 2x 5 - 2x 6 + 2x 7 - Ax 8 - 2x 9 - 4x 10 - 2x 



11 _ x 12 



(1 + X 4 )(l - X 2 - X 4 ) 2 (l + X 2 + X 4 ) 

which extends the work of Grimaldi [7j . 

Finally, applying Corollary 13, 4l for A = N— {k} gives that the generating function gn-{k}( x > y) 
is given by 



y 2 (i - iS + v 2 * 2k ) (A - * 2k + IS - 2 ^ 3fc ) + V (i + & - y* k ) 



?/ 2 ^ 2 i „,2™2fc 



1 - T=^ + 2/ ^ 



2 



In particular, when setting y = 1 in the above expression we get that the generating function 
for the number of levels in the palindromic compositions of n with any number of parts in 
A = N — {k} is given by 



x 2 (l + 3x + 4x 2 + x d - x 4 - 4x 5 - 6x b ) + x 2fe (x 4 - 1)(1 + x - 2x 2 - 5x 3 - 5x 4 ) 

(1 + X 2 )(l + X + X 2 )(l - 2X 2 + X 2fc - X 2(fc+1))2 

(x 2 - l)(2x fc+4 + 2x 3fc (l + x 2 )(l - 2x 2 ) + x 4fc (l + x)(3 - x)(l + x 2 )) 



+ 



(1 + x 2 )(l - 2x 2 + x 2fc - x 2 ( fc +!)) 2 



This extends the work of Chinn and Heubach [I]. Likewise, we can extend the work of 
Grimaldi 6 by setting k = 1 to get that 



5n-{i} 



:x;l) 



;i + x + 3x 2 + 2x 3 - 5x 6 - 3x 7 - x 8 )x 4 
(1 - x 2 - x 4 ) 2 (l + x 2 )(l + x + x 2 ) 



3.3. Carlitz Compositions with parts in A. A Carlitz composition of n, introduced 
in [2], is a composition of n in which no adjacent parts are the same. In other words, a 
Carlitz composition a is a composition with levels (a) = 0. We will derive results on the set 
of Carlitz compositions of n with parts in A, denoted by E^. In this section we study the 
generating functions for the number of Carlitz compositions of n with parts in A with respect 
to the number of rises and drops. 



3.3.1. Number of Carlitz compositions. We denote the generating function for the number of 
Carlitz compositions of n with m parts in A with respect to the number of rises and drops 
by EA{x;y;r, d), that is, 

E A (x;y;r,d)=Y / E x"yP arts ( CT )r rises Md dro P s ^. 

Note that EA(x;y;r,d) = CA(x;y;r,0,d). Therefore, Theorem I2.1f i) for £ = gives the 
following result. 



16 



COUNTING RISES, LEVELS, AND DROPS IN COMPOSITIONS 



Corollary 3.5. Let A = {a±, . . . , a^} be any ordered subset of N. Then 

E( x a J y "t r 1 + x ai y r \ 
\ 1 + x a iy d 1 + x ai y d J 



E A (x;y;r,d) = H — 



k / j—1 N 

E/ x aj yd -i-j- 1 + i a, ?/r 
i y 1 + x a Jy d Al 1 + x ai y d 



For example, with r = d = 1, Corollary 13 . 51 gives that the generating function for the number 
of Carlitz compositions with m parts in A (for the case A = N, see jl]) is given by 

i 

E A (x; y; 1, 1) = 



Applying Corollary 13.51 for A = {a, b} and r = d = 1 yields the generating function for the 
number of Carlitz compositions of n with m parts in {a, b} is given by 



1 + x -y)^ +x b y) =1 + {x a + x b )y + V- x m(a +b){2y 2m + + x b )y 2m+ly 

1 — x a+0 y A *-r^ 



m>l 



In particular, setting y = 1 in the expression above yields that the generating function for 
the number of Carlitz compositions of n with parts in {a, b} is given by 

(l + x a )(l + x b ) 
1 - x a+b ' 

Remark: In the case A = {a, b}, the requirement that no adjacent parts are to be the same 
restricts the compositions to those with alternating a's and b's. This results in the following 
possibilities: 

n Carlitz compositions of n 

n(a + b) abab . . .ab and baba . . .ba 
(3.9) n'(a + b) + a abab . . . aba 

n'{a + b) + b babab . . .ab 

Thus, the number of Carlitz compositions of n > is 2 if n = n'(a + b), 1 if n = n'(a + b) + a 
or n = n'(a + b) + b, and otherwise. 



3.3.2. Number of Rises and Drops. We now study the number of rises (drops) in all Carlitz 
compositions of n with m parts in A. Once more, the number of rises equals the number 
of drops. Using Corollary 13.51 to find an explicit expression for -^EA(x;y;r, 1)| , gives the 
following result. 

Corollary 3.6. Let A = {ai,...,ajt} be any ordered subset of N. Then the generating 
functions Yln>o Y2oeE A rises(a)x n yP ar ^ s ^ and Yln>o Yla^E A drops(a)x n yP ar ^ s ^ are given 
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by 



E( X" I) {-X ./•"// 
\ 1 + x a ity 2-^ 1 + x ai y 

j=l \ i=l / 



E T 



x a iy 



_ + x a J u 

i=i 

Setting j4 = N and y = 1 in Corollary 13.61 yields that the generating function for the number 
of rises (drops) in the Carlitz compositions of n with parts in N is given by 

j'-i x* 



El x V J - 
i>i v i+^ J ^i=i l 



" Ei>i I 
Applying Corollary 13,61 for A = {a, b} gives that 



= x w(a+6) /"(2m - l)y 2m + m(x a + x b )y 2m+1 ) , 



m>l 

where the second equation follows after collecting even and odd powers of y. 

In particular, setting y = 1 in the expression above yields that the generating function for 
the number of rises (drops) in the Carlitz compositions of n with parts in {a, b} is given by 

x a+b {l + x a )(l + x b ) 
(1 - x a + h ) 2 ' 

Thus, the number of rises (drops) in Carlitz compositions of n > (a + b) with parts in {a, b} 
is given by 

n if n = (a + b)n + a or n = (a + b)n + b and 2n' — 1 if n = (a+ 6)n for n > 1. 

This follows immediately from ()3.9|) since there is a rise for every occurrence of u ab" . If 
n = (a + and the composition starts with a, then there are n! rises. For the composition 
that starts with b, there is one less rise, for a total of In! — 1 rises. If n is not a multiple of 
a + b, then the composition starts with r, where n = (a + 6)n' + r. In either case, there are 
exactly n' rises, as there are n' occurrences of "a6" in the composition. 



3.4. Carlitz palindromic compositions. A Carlitz palindromic composition of n is both 
a Carlitz composition and a palindromic composition. Let = n P^ 1 be the set of all 
Carlitz palindromic compositions of n with parts in A. 
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3.4.1. Number of Carlitz palindromic compositions. We denote the generating function for 
the number of Carlitz palindromic compositions of n with m parts in A with respect to the 
number of rises by F A {x\ y; r), that is, 

F A {x-y-r) = Y J i"f rts( 'V risesW . 

Note that F A (x; y; r) = P A {x; y; r, 0, 1). Using Theorem 12. lf ii) for £ = and d = 1 gives the 
following result. 

Corollary 3.7. Let A = {a±, . . . , a^} be any ordered subset of N. Then 

^ x ai y 



1 + x 2cLi y 2 r 
F A (x; y;r) = l + 

1 - E 



fi 1 + x 2ai y 2 r 

Applying Corollary 13.71 for A = {a, b} and y = r = 1 yields that the generating function for 
the number of Carlitz palindromic compositions of n with parts in {a, b} is given by 

1 + x a + x b - x a+b 
1 - x a+b ' 

Thus, the number of Carlitz palindromic compositions of n with parts in {a, b} is 1 if n = 
(a + b)n' + a or n = (a + b)n' + b for some n' > 0, and otherwise. This follows immediately 
from (|3.9|) . since the Carlitz compositions for n = (a + b)n' are not symmetric. 

3.4.2. Number of Rises and Drops. We now study the number of rises (drops) in all Car- 
litz palindromic compositions of n with m parts in A. Using Corollary 13.71 to compute 
J^F A (x; y; r) | gives the following result. 

Corollary 3.8. Let A = {di, . . . , a*.} be any ordered subset of N. Then the generating 
function for the number of rises in all Carlitz palindromic compositions of n with m parts in 
A is given by 



^F A (x;y;r] 



Ek x 3a iy 3 (x^k x 2a iy 2 -i \ . v-^fc x a iy v-^fc x 2a iy' 2 

i=l (l +x 2a iy 2 ) 2 \l^i=l \+x 2a iy 2 ~ / 2^i=l l +x 2a iy 2 l^i=\ (l+x 2a iy 2 ) 2 



2 

r=l I „ A T 2a i„2 



-, _ A x 2a iy 2 \ 

l+ x ' 2a iy 2 I 
i=l / 



m(a+b) 2m+l 



Applying Corollary 13. 81 for A = {a,b} gives that 

£ £ rises(a)*V a ^> = C^l^ = (*° + - 6 ) £ — ' 

In particular, setting y = 1 in the expression above yields that the generating function for 
the number of rises (drops) in all Carlitz palindromic compositions of n with parts in {a, b} 
is given by 

x a+b {x a + x b ) 
(l-x a + b ) 2 ' 
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Thus, the number of rises (drops) in the Carlitz palindromic compositions of n > a + b with 
parts in {a, b} is given by 

n if n = (a + 6)n' + a or n = (a + b)n + 6 for n > 1 and otherwise. 

This follows immediately from (|3.9|) . as the Carlitz compositions for n = (a + 6)n' + a and 
n = (a + 6)71/ + 6 are symmetric. 

3.5. Partitions with parts in A. A partition a of n is a composition of n with rises(a) = 0. 
Let be the set of all partitions of n with parts in A. 

3.5.1. Number of partitions. We denote the generating function for the number of partitions 
of n with m parts in A with respect to the number of levels and drops by 

G A (x;y;£,d) = Y J E x n y^ lis ^£ leYel ^d dTO P s ^ . 

Note that Ga(x; y; £, d) = Ca(x; y; 0, 1, d). Using Theorem l'i.lf i) for r = we get the following 
result. 

Corollary 3.9. Let A = {ai,...,ajt} be any ordered subset of N. Then the generating 
function GA(x;y; £, d) is given by 

Ek I x a i y t-tj — 1 1 — x a iyt \ 

! ; 3=1 \ l-x a iy(l-d) LVi=l l-x a iy(e-d) ) 

1 "Z^j=l \l- x a 3y(e-d) lli=l l-x a iy{l-d) ) 

For example, if we apply Corollary 13.91 for A = N and £ = d = 1 and use the identity 

k j-l , I k 

(3.io) n^ 1 - xai °^ = - i - n^ 1 ~ 

i=i »=i a V i=i 

then we get that the generating function for the number of partitions of n with m parts in 
A = N is given by 

F N (x;y;l,l) = ]J(1 - x j y)-\ 
Note that the identity in (|3.1U|) follows from the fact that 

k j-l ( k \ 

1 -a^i fl i J|(l -x a 'a) = 1- JJ(l-^a) , 
i=i »=i V i=i / 

which can be easily proved by induction. 

If we apply Corollary !3.9l to A = {a, b} and set y = £ = d = 1, then we get that the generating 
function for the number of partitions of n with parts in A is given by 

1 1 



1 - x a - x b (l - x a ) (1 - x a )(l - x b )' 

In particular, if A = {1,/c} then we have that the number of partitions of n with parts in 
A is given by [(n + k)/k\. This can be easily explained by the following observation. For 
n E [n'k, (p! + l)k), the only partitions are those consisting of all l's, one k and all l's,. . . ,n' 
fe's and all l's, for a total of n' + 1 = [(n + k)/k\ partitions. 



20 



COUNTING RISES, LEVELS, AND DROPS IN COMPOSITIONS 



Another interesting example, namely setting I = and d = 1 in Corollary 13,91 gives that the 
generating function for the number of partitions of n with m parts in A in which no adjacent 
parts are the same is given by 

1 k 
G A (x; y; 0, 1) = — — % — = + x a ^y), 

where the second equality is easily proved by induction. In particular, the generating function 
for the number of partitions of n with parts in N in which no adjacent parts are the same is 
given by Il^iC 1 + xJ )- 

3.5.2. Number of levels and drops. We now study the number of levels and drops in all 
partitions of n. Using Corollary IHTTTl to compute -^Ga(x; y; £, 1)L =1 and -^Ga(x; y; 1, d)L =1 , 
we get the following result. 

Corollary 3.10. Let A = {ai, . . . ,ai-} be any ordered subset of N. Then the generating 
function En>o Eo-eG A levels(a)x n yP ar ^ s ^ is given by 



n j= i(i-^y) 2 

and the generating function ^2 n>0 Eo-eG- 4 drops(a)x n yP ar ^ s ^ is given by 

(i - Il*U(i - ^y)) 2 - y 2 E*=i nS(i - * ai y) Eii 

n"=i(i-^y) 2 ' 

Proof. We give a sketch of the proof for the first generating function. Since Ga{x',V',1, 1) 
S(£) 

1 + r^)' where 

* / x a Jy 1-} 1- X *iy£ \ k / \ 



we get that 



,=i v- - -v i= i V ,=1 



/n &gcg gjU feco mo + gco| ng 

Using Equation Q gives that ^ ^=1 /»(*) = ~ Il£=i EjU • Com - 

puting -§igj(i), setting £ = 1 in the expression for -^Ga(x; y; £, 1), then using Equation (|3.1U|) 
to simplify the denominator gives the stated result. □ 

Applying Corollary I3.1UI to A = {a, b} gives that the generating function for the number of 
levels in the partitions of n with m parts in {a, b} is given by 

x 2a y 2 (l — x b y) + x 2b y 2 (l — x a y) 
(1 - x a y) 2 (l - x h y) 2 
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In particular, the generating function for the number of levels in the partitions of n with 
parts in {1,2} is given by 

x 2 (l — x 3 ) 
(l-x) 4 (l + x) 2 ' 

/,From the second part of Corollary I3.1UI we get for A = {a, b} that the generating function 
for the number of drops in the partitions of n with m parts in {a, b} is given by 

x a+b y 2 



(1 - x a y)(l - x b y)' 

In particular, setting y = 1 in the above expression yields that the generating function for 
the number of drops in all partitions of n with parts in {1, £;} is given by 

„k+l 



x 



(I - x)(l - x k )' 

Thus, the number of drops in the partitions of n with parts in {1, k} is [(n — l)/k\. This 
again follows from the specific structure of the partitions with parts in {l,k}. A single 
drop occurs in all the partitions that do not consist of either all l's or all fc's. Thus, for 
n £ [n'k + 1, (n' + l)k), there are exactly n' = [(n — l)/k\ drops. 

4. Concluding Remarks 

We have provided a very general framework for answering questions concerning the number 
of compositions, number of parts, and number of rises, levels and drops in all compositions 
of n with parts in A. We have used this framework to investigate compositions, palindromic 
compositions, Carlitz compositions, Carlitz palindromic compositions and partitions of n. 
Our results generalize work by several authors, and we have applied our results to the specific 
sets studied previously, which has led to several new results. In addition, our results can be 
applied to any set iCN, which will allow for further study of special cases. 

In addition, the techniques used in this paper can be used to investigate products among 
the number of rises, levels and drops which show interesting connections to the Fibonacci 
sequence, one of the reasons Alladi and Hoggatt investigated the these quantities for compo- 
sitions with summands 1 and 2. For example, by computing the derivative with respect to d 
twice in Theorem 1.1 (ii) and setting y = r = £ = 1, we get that 

£ £ drops(a)(drops(a) - = _ f_ = 2* 3 £ ( £ F a F b F c \ x\ 

n>0cr£C£ ^ ' n>3 \a+b+c=n I 

i.e., a convolution of three Fibonacci sequences. However, the formulas for the various prod- 
ucts become more complicated, and not as easy to evaluate. 
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